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Introduction
Many phenomena in biology, fluid flow, physical problems and other sciences can be described very
successfully by nonlinear models. The equations of gas dynamics are mathematical expressions based on the
physical laws of conservation, namely, the laws of conservation of mass, conservation of momentum,
conservation of energy, and so forth. The nonlinear equations of ideal gas dynamics are applicable for three
types of nonlinear waves like shock fronts, rare factions, and contact discontinuities [1]. The Korteweg-de
Vries Equation (KdV equation) describes the theory of water waves in shallow channels. It is a non-linear
equation which exhibits special solutions, known as Solitons, which are stable and do not disperse with time.
There are many analytical and numerical methods used to solve local fractional partial differential
equations such as, local fractional function decomposition method [2,3], local fractional Adomian
decomposition method [3,4], local fractional series expansion method [5,6], local fractional Laplace
transform method [7,8], local fractional Fourier series method [9], local fractional Laplace decomposition
method [10,11], local fractional Laplace variational iteration method [12,13,14], and another methods. The
rest of this paper is organized as follows. In Section 2, basic ideas of the local fractional variational iteration
method is presented. In Section 3, the application of LFVIM for solving nonlinear gas dynamic equation and
coupled KdV is presented. Conclusion will appear in the last section.
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Analysis of the Local Fractional Variational Iteration Method

To illustrate the basic concept of the local fractional variational Iteration method, we consider the following
general nonlinear local fractional partial differential equation:

L u(%, Y)+Ru(X, y)+ Nyu(x,y) = f(x,y) ,0<a <1, @
(24
where Laza—a, R, denotes linear local fractional derivative operator, N, denotes nonlinear local
oX

fractional derivative operator, and f(x,y) is the nondifferentiable source term.

According to the rule of local fractional variational iteration method, the correction local fractional
functional for Eq. (1) is constructed as [15,16]:

Uns2(¥) = U (. Y401 €2 F‘f) [Latn (€9 + Refn () + Noin (G )~ )] )
Where%)a) is a fractal Lagrange multiplier, , is considered as a restricted local fractional variation and
+a

the local fractional operator be defined as

alf® £(x) =

j HOICHEE

m ) Jim Zf(t )(At))“, 3)

I+
with the partition of the interval [ab] is denoted as (tj.tj;1), 0,..,.N-Ltg=a and ty =b with
Atj =tj1—tj and At =max{Aty,Aty,....}.

Making the local fractional variation of Eq. (2), we have

&)

T o et (€0 + Raln(& ) + Nain(6,) = F(€.9)] (4)

5%Unsa(x,y) = 5%up(x, y)+0|)((a)5a[

The extremum condition of up,4(x,y) is given by

6%Upy1=0 (5)
In view of (5), we have the followingstationary conditions:

(@)
% [ 6% ]
:x "I TA+a)

This in turn gives

Gs
I'd+a) P

=0. (6)
E=x

A%
rl+a) L Q)

so that iteration is expressed as

Un42(x,Y) = Un(x,Y) - r(l 2 [ [a Lg”((’g y)+Raun(§,y)+Naun(§,y)—f(f.y)](d@)“,nzo. (8)

Finally, from (8), we obtain the solution of (1) as follows:
u(x,y) = lim uy(x,y). 9)
n—o0
The above formula plays an important role in dealing with the local fractional differential equation with

either linearity or nonlinearity.

Some lllustrative Examples
In this section, we given some illustrative examples for solving the nonlinear gas dynamic and coupled KdV
equations within local fractional derivative operator by using local fractional variational iteration method.
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Example 1. Let us consider the following nonlinear gas dynamics equation involving local fractional
derivative operator:

2
OTu0ay) | LMYy, gyt u(x, ) = ~E (67 - y%), (10)
ox 2 y®
with the initial value conditions as follows:

u(,y) =1-E4(-y%). (11)
By using (8), we have a local fractional iteration procedure as

a2
Un+l(X‘ y) = Un(X| y) - F(l a) J‘[a uan (5 y) 2 = L;ny(g Y) —Un (5! Y)(l_un(ff‘ y))+ Ea (é:a - ya)j(dé:)a ,n= 0. (12)

Suppose that an initial approximation has the following form which satisfies the initial condition:

Up(x,y) =1-Eg(-y%). (13)
Now by (12), we obtain the following approximations:

X( qc a2
U (X, y) = Up (X, Y) ~ —— j[a Up(S,y) , 17ug(s,y)

—Up (&, y)L—ug(&,y))+Eg (6% - y“)}(df)“

rl+ea) 5 OEX 2
X
1 E Y i g(Ea(e:“ +ykasr

=1-Eg(-y*) ~Eu(x* —y*) +E4(-y%)

=1-E,(x* —y%), (14)

X( ~a a2
u0y) =0 - s | [a ) 2 EUEN 6 y)a-w(e )+ Eale” - y“)}(dr:)“

o 0 ay

X
a 1 o a a
=1-Eq(-y )—r(lm)g(Ea(e: +ykas
=1-E,(x* —y%), (15)
a2

() = Un 206 Y) = j[a A SR s G B ) (0
=1-Eo (x* -y%). (16)

This gives the exact solution by
U(X, y) = Ilm Un(xx Y)
N—o0
=1-E,(x* -y%). (7)

Example 2. Consider the coupled KdV equations with local fractional derivative:
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M) | OFUKY) o DTUCY) ) 0TUGY) g
a 3 ' a ' a !
OX ; (18)
a%v(x, y), o “v(x, Y) oy v(x, y) “v(x, Y) + oulx u(x, y)a vixy) g
x4 3 oy a '
subject to the initial conditions
U(Ov y) = Ea (_ya)v (19)

v(0,y)=~E4 (-y?).
To solve the system of equations (18) by means of the local fractional variational iteration method, we
construct the following correction functional:

a a 3a a~ ar
j'l(é:) 0 Um(f: y)+6 2Uma Um +2Vma Um (dé)a,

2% [ 0% (&,y) | 8%y o* Vm 0% | et
l"(1+a)[ oz + 6y3“ + 2V +2Up J(d(,‘)

Um+2(X,Y) = U (X, y) +

O — X<

rl+a) (20)
1
rl+a)

Vi1 (% Y) =Vm (X, ¥) +

O — X

where 12(5) ) .i=1,2 are fractal Lagrange multipliers.
1+ a

Taking the local fractional variation of (20), we have
T A" (S unEy) iy U, O |
r'l+a) 5 I(l+a) oEx oy3 m-

}12(5)“ WnEy) B oy gy O ey
F+a) TA+a) o oy a m

5% Uumia(x,Y) = 5%um (%, y) +
(21)

5NVma (X, y) = 5%m (X, y) +

The extremum conditions of (21) is given by
5 Um+1 =0, (22)
5an+l =0.

In view of (22), we have the following stationary conditions:
(@) (a)
| T+ a) | T+ )
=X X
This in turn gives
A% i1 (24)

Ir'l+ea)
so that iteration is expressed as

LAY
I'd+a) p

L @)

ra+a),_ =0 (23)

E=x

E=X

Um2(X,¥) = Um (X, ¥) - F(11+ 3 | [a%;n;f ), aay;(m +2up, a:y‘;m + 2up a;y‘;m ](dé)a,

(25)

X( ~a 3a a a
V2 (%, Y) = Vin (%) = — (11+ 3 | [a ‘g‘;f 0, 8@3‘;’“ +2up aay\;m + 2, aayv”‘ J(di)“ m=0.
0

Suppose that an initial approximation has the following form which satisfies the initial condition:
_ gy

UO(Xr y) - Ea( y )1 (26)

Vo(x,y) = ~Eq (-y%).

Now by iteration formula (25), we obtain the following approximations:
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X( ~a 3a a a
) =00 ) ~ j[a ;0(5 D, T (e, yy THEN lg)yf'y)+2vo(§,Y)—a L;Of Y)](dé)“

0
X( ~a
0) = 00N~ e )J(a 0(EY) | ENOE) | ) 0L y)+2uo(e:,y)“°—(‘fy)](d«:)“
vyl e o oy oy

t

104 1 a ¢
~Ea v ) - b Ea ey ) 2Ry 2y ) < ey )[1+r(l+ )]
ot (27)
a 1 a a a a —_ —y* x*
= —Eq(-y )_F(1+a)~([(Ea(_y )=~ 2E4(-y¥) +2Eq (-y ))(d‘f) - Faly ){hr(lm)}

X( ~a 3a a o
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0

X( ~a a a
209) =009 s | La w0 - avyl“f D eauen =I5 v y)avayl—@y)](d«:)“
0

=Eg(-y*)+

r(1 ) - C(l+a)

& a a
(— rira) Eo(-y )](de‘)
.t‘-
0

— _y¥ _L vy _ 1 ‘fa gy a
=—Eq(=y") rira) Eq(=Y7) Fira) [r( Ta) Eq(-y )](daf)

“ N X2a
=Eay )[H T(l+a) T+ 2a)]'

(28)
=—E,(-y%)| 1+ x* + K
= Fal™y Fl+a) T(l+2a)]
ka
Um (X, Y) = Eq(-y )Z k)
K (29)
V(% y) = —Eg (=Y )Z Tarka)

Therefore, the series solutlons can be written in the form

u(x,y) = E,(-y%) 1+ X, x> e
)= Ealty Il+a) T@+2q) ’

a X% X2a
VoY) =B YO I T T a2 T

(30)

and finally in its closed form gives
U(va): Ea(x -y )v (31)
V(x,y) = —Eo (x* - y%).

Conclusions

In this paper, the local fractional variational iteration method has been successfully applied to finding the
approximate analytical solutions of nonlinear gas dynamic and coupled KdV equations with local fractional
operator. The solution obtained by the local fractional variational iteration method is an infinite power series
for appropriate initial condition, which can, in turn, be expressed in a closed form, the exact solution. The
results show that this method is a powerful mathematical tool for solving nonlinear gas dynamic and coupled

KdV equations, it is also a promising method to solve other nonlinear equations.
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