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 In this paper, the nonlinear gas dynamic and coupled KdV equations within local 

fractional operator are discussed. The approximate solutions are obtained by using the 

local fractional variational iteration method (LFVIM). This method is able to solve large 

class of linear and nonlinear equations effectively, more easily and accurately; and thus 

the method has been widely applicable to solve any class of equations in sciences and 

engineering. 
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Introduction 

Many phenomena in biology, fluid flow, physical problems and other sciences can be described very 

successfully by nonlinear models. The equations of gas dynamics are mathematical expressions based on the 

physical laws of conservation, namely, the laws of conservation of mass, conservation of momentum, 

conservation of energy, and so forth. The nonlinear equations of ideal gas dynamics are applicable for three 

types of nonlinear waves like shock fronts, rare factions, and contact   discontinuities [1]. The Korteweg-de 

Vries Equation (KdV equation) describes the theory of water waves in shallow channels. It is a non-linear 

equation which exhibits special solutions, known as Solitons, which are stable and do not disperse with time. 
        There are many analytical and numerical methods used to solve local fractional partial differential 

equations such as, local fractional function decomposition method [2,3], local fractional Adomian 

decomposition method [3,4], local fractional series expansion method [5,6], local fractional Laplace 

transform method [7,8], local fractional Fourier series method [9], local fractional Laplace decomposition 

method [10,11], local fractional Laplace variational iteration method [12,13,14], and another methods. The 

rest of this paper is organized as follows. In Section 2, basic ideas of the local fractional variational iteration 

method is presented. In Section 3, the application of LFVIM for solving nonlinear gas dynamic equation and 

coupled KdV is presented. Conclusion will appear in the last section. 
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Analysis of the Local Fractional Variational Iteration Method  

To illustrate the basic concept of the local fractional variational Iteration method, we consider the following 

general nonlinear local fractional partial differential equation: 

 

10,),(),(),(),(   yxfyxuNyxuRyxuL ,                                                                                          (1) 

where 
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 , R denotes linear local fractional derivative operator, N  denotes nonlinear local 

fractional derivative operator, and ),( yxf  is the nondifferentiable source term. 

According to the rule of local fractional variational iteration method, the correction local fractional 

functional for Eq. (1) is constructed as [15,16]: 
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 is a fractal Lagrange multiplier, nu~  is considered as a restricted local fractional variation and 

the local fractional operator be defined as 
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with the partition of the interval ],[ ba  is denoted as ,),( 1jj tt atNj  0,1,...,0  and btN   with 
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Making the local fractional variation of Eq. (2), we have 
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The extremum condition of ),(1 yxun is given by  

01 nu .                                                                                                                                                 (5)  

In view of (5), we have the followingstationary conditions: 
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This in turn gives 
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so that iteration is expressed as 
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Finally, from (8), we obtain the solution of (1) as follows: 

.),(lim),( yxuyxu n
n 

                                        (9)                                                     

The above formula plays an important role in dealing with the local fractional differential equation with 

either linearity or nonlinearity. 

 

Some Illustrative Examples  

In this section, we given some illustrative examples for solving the nonlinear gas dynamic and coupled KdV 

equations within local fractional derivative operator by using local fractional variational iteration method. 
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Example 1. Let us consider the following nonlinear gas dynamics equation involving local fractional 

derivative operator: 
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with the initial value conditions as follows: 
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By using (8), we have a local fractional iteration procedure as 
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Suppose that an initial approximation has the following form which satisfies the initial condition: 
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Now by (12), we obtain the following approximations: 
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This gives the exact solution by  
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Example 2. Consider the coupled KdV equations with local fractional derivative: 
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subject to the initial conditions 
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To solve the system of equations (18) by means of the local fractional variational iteration method, we 

construct the following correction functional: 
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Taking the local fractional variation of  (20), we have 
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The extremum conditions of (21) is given by  
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In view of (22), we have the following stationary conditions: 
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Suppose that an initial approximation has the following form which satisfies the initial condition: 
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Now by iteration formula (25), we obtain the following approximations: 
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Therefore, the series solutions can be written in the form 
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and finally in its closed form gives 
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Conclusions 

In this paper, the local fractional variational iteration method has been successfully applied to finding the 

approximate analytical solutions of nonlinear gas dynamic and coupled KdV equations with local fractional 

operator. The solution obtained by the local fractional variational iteration method is an infinite power series 

for appropriate initial condition, which can, in turn, be expressed in a closed form, the exact solution. The 

results show that this method is a powerful mathematical tool for solving nonlinear gas dynamic and coupled 

KdV equations, it is also a promising method to solve other nonlinear equations.  
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